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1 A Concise JMMD in an RKHS
Theorem 1 In an RKHS, JMMD could be rewritten as the following concise form,
s . . H[ 2
Dy (PX Y, PR YY) = || 3 20 (v @ 0)) — & 50 (v @ o) ||
—tr (KXX(KYY o MJ)),
ey

where Dy denotes a distance metric between two joint probability distributions, i.e., P* and P'. We
empirically estimate JMMD with the following steps: i) we utilize ¥ and ¢ to map features and labels
from the source domain and target domain to the RKHS, respectively; ii) we calculate the mean of
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the tensor product between feature and label for each domain; iii) we compute the difference between
these two means. Notably, x; and x; are the i-th and j-th column vectors of X.

Proof:

For convenience, we define I'*(x®, y*) and I"'(x", y') as shown in the following equations,

(e, ¥) = [0(x) @ 63), -+, D(xs) @ 03| € R,
@
P,y = [0() @ o).+ 6(x) @ 6(yy)| € R

Then, @) could be rewritten as below,

Dy, (PS(XS,YS),P‘(X‘,Yt)) —

Ly (v o) - & S [e @ 60)))||

S(vS vS) T T'S(vS vS S(vS vS) T Tt vt wt 1n’><llxI><1 _ln“><11:l—><1
( I, y') IP(xy') I(xf,y°) T THXL YY) o o )
=1tr
DYx, yY) TEs(xs,ys) T yY) TTY (xS, yY) “Loalia  Lixalig
nlnS nlnl

(3
where 1,51 and 1,1 are two column vectors whose elements are all ones with sizes of n® and n'.

Moreover, we have the following equations,

s (XS, ys)Tl’\s (X57 ys) — I{XSXs o KYSYS’ (4)
M, y) Ty = KX o KT, )
I (XS, ys)TFt (Xt, yt) _ KXSX‘ ® KYSY‘, (6)
]_'\t(xt7 yt)TI\s (XS, ys) _ KX‘XS o KY‘YS. @)
where KXSXS, e ,KYSYS, - € R‘_‘SX“S, . R™*" ... are the kernel matrices and they are computed
by ki = EX(x¢,x¢T), - ki " = kY(y5,¥} "), -+ Here kX and kY are feature and label kernels.

Therefore, we can rewrite (E]) using the feature kernel matrix KX and the label kernel matrix K¥Y as
below,

Dy (PH(X, YY), PHX, YY) )

.
KXX XX KYY KYY Losaliy,  —lexiliy,
n\n~ nsnl
=tr ©® ®)
< X(Xs X[X( Y(Ys Y[Y( T 1 lT
K K K K _ln‘X11n5x1 ntx 14t 1
nlns n‘nl

— tr(KXX @ KYYMJ),

where K** € R™" and K¥¥ € R"*" are feature and label kernel matrices for all source and target
domains, and n = n® + n".

According to tr(A ® BC) =tr (A(B ® C)) where A, B and C are symmetric matrices [1], thus
tr(KXX ©) KYYMJ) =tr (KXX(KYY ©) MJ)> M is calculated as below,



b _
mj; =

1/(n'n'),  x;,x € D' ©)
—1/(n°n"), otherwise.

{ 1/(n°n®), xi,xj€D°

where D® and D' denote source and target domains.

2 A Concise JMMD in a Projected RKHS

Theorem 2 In a projected RKHS, JMMD could be rewritten as the following concise form,

Dy (P*(X, YY), P(XL, YY) )

2
I

Ly (TTem) @ 0) - & S (TToe) @ o))

A5 (S0 (b)) @ 00) — & Sy (S ) Tv) @ o)

- tr(BTKXX(KYY © MJ)KXXB).

(10)
where T € R°°*4 is the feature projection matrix and ‘d’ is the dimension in the embedded subspace.
Different from (I), we project ¥(x}) and ¥ (x;) into an embedded subspace, and then empirically
estimate JMMD.

Proof:

We begin by introducing the Representer theorem [2]] as below,

Theorem 3 (Representer theorem) It says that any function can be decomposed into finite values
of a kernel function with corresponding coefficients [2|].

T (0 = S0, (ke x)) =
(11
S (w0, 00 ) = S0y (brtx) To(x) ),

where b; € R9*! and we definite a new projection matrix B = [b; ;--- ;b | € R"¥9,

For convenience, we define ©*(x*,y*) and ©'(x',y') as shown in the following equations according
to the Representer theorem,

03 (x*,y*) =

(0 b)) ) @ G(vh) - (0 b)) h(3) @ 0(y3) | € R,

(12)
o'(x,y") =
(S b)) o) @ 6+ (0 () T)w(x,) @ olys)| € R
where b; € RY*! and we definite a new projection matrix B = [b]—; R ;b;lr] € R™d (n =n* +n').

Then, could be rewritten as below,



Dy

s t 2
25 () T)ui) @ 6(v) ) — & S (S o) )v) @ o)) ||

Lisali, “Lsxalyyg S(xS ¢S\ T ]
0%(x*,y")
=u| [ ©°(xy) O'(xy) ]
71“!Xlll;|;x1 lnlxl[li—.‘rxl @t(xt,yt)T ]
n'n® n'n
[ ov(xt,y) T Loalig  Zhealic ]
b Sns St
:tr< [ @S(Xs,ys) @t(xt,yt) ] n°n nsn! >
Gt(xtvyt)T Ll ln‘><11nT!><1
L s nint J
M @s(xs s)T@s(Xs s) GS(XS s)T@t(Xt t) Lyxiliy *ln’xllnTlm
< ¥ .y Y ¥ )
=1r
o'(xL,y) Tes(xs,y") O'(x,y ) el(x,y!) “Loalig Lexaling
- nlnb nlnl

13)

Similar to the proof of Theorem we rewrite O%(x*,y*) T O%(x%,y%), ©%(x%,y*) T Ox,yh),
O'(x,, y") TO%(x%,y*), - - - using feature and label kernels. First,

O'(x',¥) O (%, y")
[ (S0 b)) ex) @ o(3), (1, b)) b(xi) @ 6(33))

<( S bi(x) ) (x3) @ B(y3), (2o bivo(x) T)w(x)) © ¢>(Y§)>

(D0 b)) ) © 03 (00 b)) (x3) @ 0(3)) ]
(14)

where (e, e) denotes the inner product between two vectors. Moreover, we have the following
equation,



(1 b)) () @ 6(3)), ( iy breo(x) ") (x) @ 0(v,,))
= (S b)) @ 006 (S b)) © (v
= ()T Sy vexb’) @ o)) (i, bro(x) ) (x) © (i) )
(2 T (S wlxby ) (S bresx) T ) @ (67) T 0(3m))
[kX X %), - B (6 %) | BB [ (01, %), B (2, X0, -+
— [*(x (60, %2), -+ B (%) | BB [ k1, %0, B (%2, %), -+

Ty XX Y
K(l .)BB K( )k (yjaym)

T
7kX(Xnan):| ®kY(yjs7ym)

X T Y
7k (Xnaxk):| k (yjsaym)

(15)

where the subscripts (i, ®) and (e, k) denote the i-th row vector and the k-th column vector of a given

matrix, respectively. Then, we can obtain the following equation,

@s(xs7 ys)T@s(xs’ ys) —

Similarly, ©'(x', y') TO'(x',y') =

[ K(l .)BBTK 1)k (yla Y1) T K(l Q)BBTKz(o)fnS)kY(YIa yn‘) |
KW BB K kY (v0,y1) - K BB K kY (va, V) (16)
K(n“ Q)BBTKz?Sl)kY(ynH Y1) T K(n“ Q)BBTK?o)fnS)kY (Yn»*vyn*) |

K(n5+1 )BBTK?XHS+1)]{; (yns+1’ yns+1) ce KE( .)BBTK(. n)k (yns+17 yn) 1
K(n s+20 )BBTKE(En*-&-l)kY (Yn5+27 Yns-l-l) e K(n“+2 )BBTK(. n)k (Yn‘+2’ yn) (17)
| KoBB K )R 0 ¥wr) o Kioe) BB K EY (v, ¥,)
o (x’,y’) T (x,y!) =
[ K(l O)BBTKE(O%HH-l)kY(yla yn5+1) e (1 .)BBTK kY(yl?Yn) |
Ko BB K )k (Y2, Yaer1) -+ Ko BB Koo kY (¥2,¥,) as)
K(n‘ )BBTK?o%nH-l)kY(yn’)Yn”+1) e (n\ )BBTK . n)k ( nMYn) |

O'(x,y) O (x,y) =




[ Ké¥+1,o)BBTK€(31)kY(YnS+17 Y1) e Ké¥+1,.)BBTK€?§nS)kY(yns+1’ yns) |
K 0,0 BB KR (g0 1) Kz, BB K0 EY (Vg2 Vi)
(19)
L Ki(n),(o)BBTKi?fl)kY (Ym yl) e Ki(n),(o)BBTKi?fn“)kY (Yna Yns)
According to (T3) ~ (18), we could obtain the following equation,
O3 (x',y) TON(x%, YY) ©%(x%,y) T O'(x, ) beali Zhexihig
Dy = tr( )
o'x,y) Tes(x,y)) O'x,y) e'(x,y) “Loalig  Lixalic
—tr (BTKXX (KYY @ MJ)KXXB).
(20)
(]

3 Probability Distribution Distances

3.1 Maximum Mean Discrepancy
The maximum mean discrepancy (MMD) [3] establishes the mean embedding of the marginal
probability distribution in a RKHS endowed by the kernel &% (feature mapping ), and using finite

samples to empirically estimate the distance between pxs (mean embedding of source domain) and
px: (mean embedding of target domain) with the Hilbert-Schmidt norm as the following equation,

o (P05 7055) = (o5 - E(5) [ = o ]

s t 2
LY ) = T vl = wEMY),

where K™ = ¢(X) T4(X) € R™" and k}* = k¥(x;,x;). Besides, the MMD matrix M™ can be
computed as below,

1/(n*n%), x,xj€D°
m¥ ={ 1/(n'n'), x,x €D (22)
—1/(n°n"), otherwise.

Moreover, the MMD in a projected RKHS is tr(B ' KX*M™K**B).

3.2 Class-Wise Maximum Mean Discrepancy

The class-wise maximum mean discrepancy (CMMD) [4] constructs the sum of MMD for each
specific class as the following equation,



Dy (P(X1Y), PH(XY)

2 2
= Y [[B(vx)) —E(wx)||, =T [fxee = oo 23)
. 2
C n*° "¢ C
=28 || v - e T vl = S M),
where the MMD matrix M©€ can be computed as below,
1/(n*°n*°), x; € D%, x; € D¢
1/(n%n"), x; € D", x; € D¢
mSe = —1/(n5’cnt7c), x; € D%, X; € Dhe (24)

—1/(n"*n*>°), x; € D', x; € D*°

0, otherwise.
Similarly, the CMMD in a projected RKHS is 3¢ tr(BT KX*M“*K**B).

3.3 Weighted Class-Wise Maximum Mean Discrepancy

To deal with class imbalanced dataset, the weighted class-wise maximum mean discrepancy
(WCMMD) introduces the class prior probability P(Y) into the CMMD [J3]], which pays more
attention on the large-size categories and is formulated as the following equation,

_ t,c

C S (v —, ns,c Lt — b 2
S || PR S wi) — 2 S )|

(25)
o . 2
C s,C t,c C
= Zc:l % Z?:l Y(xi) — % Z?:l w(xj)HH = Zc:l tr(KXXN[WQC)7
where MY can be computed with the following equation,
1/(n°n%), x; € D¢ x; € D¢
1/(n'n"), x; € D" x; €D
mWC,c _ —1/(nsnt), X € DS,C7 Xj c Dtic (26)

—1/(n'n%), x; € D", x; € D>

0, otherwise.

Similarly, the WCMMD in a projected RKHS is 3", tr(B T K**M“*K**B).

4 The Uniformity of JMMD

Theorem 4 The marginal, class conditional and weighted class conditional probability distribution
distances are three special cases of IMMD with label reproducing kernels K*, K* and K*. K* = 1,5,
is a matrix whose elements are all 1 with the size of n X n, and K2, K3 are defined as below,



() (<), x € D, € D%
(o) /), xi € D, x € D
k2 = (nsnt)/(ns,cnt,c)’ x; € D%C, Xj € DLe 27

(ntns)/(nt,cns,c)’ X; € Dt,c’ Xj c D¢

0, otherwise,

1, xj € D%, xj€ D

. X; € DY, xj € D'

ki=1< 1, x €D x €D (28)

1, x;€ D" x;e D%

0, otherwise,

where the superscript ‘s/t,c’ denotes data points from the c-th class in the source/target domain.
Proof:

As proved before, the formulations of concise IMMD are tr(K**(K*Y ® M')) (in a RKHS) and
tr(BTKXX (KYY © M')K**B) (in a projected RKHS). Moreover, the formulations of marginal prob-
ability distribution distance are tr(K**M™) (in a RKHS) and tr(B" K**MMK**B) (in a projected
RKHS). The formulations of class conditional probability distribution distance are tr(KXXMC’C) (ina
RKHS) and tr(B " K**M““K**B) (in a projected RKHS). The formulations of weighted class condi-
tional probability distribution distance are tr(K**M") (in a RKHS) and tr(B " K**M"“K**B)
(in a projected RKHS). It is easy to verify that K! © M' = MM, K2 o M' = M“® and
K3 o M’ = MV°. Therefore, the marginal, class conditional and weighted class conditional
probability distribution distances are three special cases of JMMD with different label reproducing

kernels K*, K? and K®. We will prove K*, K? and K® are the reproducing kernels in next Subsection.

]

5 Reproducing Kernels

Theorem 5 K', K%, K> and K* are the reproducing kernels, where K*, K*, K* are defined in Theorem
Proof:

K', K? and K> According to the Mercer’s theorem [2]], we only have to prove that the Gram matrices
Gl, G? and G corresponding to K, K? and K? are semi-positive definite matrices. In fact, the
Gram matrices G2 and G® can be decomposed into the following equation,

G’ =Y ,6™, G'=XC,6 (29)

It is obvious that the sum of several semi-positive definite matrices is also a semi-positive definite
matrix, thus we only have to prove that the Gram matrices G', G* and G*° are semi-positive
definite. G, G*° and G** can be decomposed into the following equations,

Gl — plplT7 G2,c _ pQ’CPQ’CT, G3,c _ p3,cp3,c'|'7 (30)

where p' = 1, is a column vector whose elements are all 1, and p?>¢ € R", p>° € R" could be
defined as below,



n®/n>¢,  x; € D
p>¢={ n'/nc, x € DY (31)
0, otherwise,
1, x;€D>*°
pc=¢ 1, xe€D* (32)
0, otherwise,

where p?/ 3¢ is the value of the i-th component of 12/3<_ For Vx € R" and x # 0, we have,

x'G'x=x"p'pTx=x"1,1, x

(33)
= (X1 + X2+ ... +Xp)2 >0,
XTG2’CX — XTPQ,CPQ,CTX
(34)
= (1P + Xapy* + . + Xapp )% > 0.
and,
XTG&CX — XTPB,CP&CTX
(35)

= (x1p1 +x2py + o+ xap))? 2 0.

Therefore, Gl, G? and G? are semi-positive definite matrices. Then, Kl, K2 and K® are the
reproducing kernels.

K*: For Vx € R" and x # 0, due to wy; > 0, we have,
x' G*x = i iwij(xi — xj)2 >0, (36)
i=1 j=1
where G* is the Gram matrix of K* and W is defined as below,
(n°n®)/(n*n*¢), x; € D¥¢,x; € D¥°
wij =4 (n'n')/(n"*n"¢), x; € D', x; € D"° (37)
0, otherwise.

Therefore, G* is a semi-positive matrix and K* is the reproducing kernel.

6 Experiments

We run the JDA+JIMMD/HSIC/Our(JMMD-HSIC) and adopt the classifiers of 1-nearest neighbor
(1-NN), support vector machines (SV, label propagation (Llﬂ) [[11]] and nearest class prototype

“https://www.csie.ntu.edu.tw/ cjlin/libsvm
"https://www.escience.cn/people/fpnie/index.html



Table 1: Ablation study using different classifiers/labels on the Officel10-Caltech10 dataset with
SUREF features.

Classifier 1-NN SVM LP NCP
Original Features 40.9 47.7 48.3 45.7
Label Hard Hard Soft Hard Soft Hard Soft
JDA+IMMD 47.7 50.2 49.2 54.2 52.8 47.8 414
JDA+HSIC 479 49.0 48.5 54.0 52.8 48.8 46.8
JDA+Our 49.6 50.9 49.9 554 54.3 49.6 47.1

Table 2: Comparison average results of our proposed SPL+JMMD-HSIC with state-of-the-art DA
methods on Officel0-Caltech10 dataset with DECAF-6 features. A, C, D, W in the second row
denotes domains of Amazon, Caltech, Dslr, and Webcam, respectively.

Source Amazon Caltech Dslr Webcam

—— 1 Venue Avg.
Target C/DIW|IA D/ W|A|C|W]J|A|C| D
PGCD [6] TIP’23 [86.5|90.4|84.1|92.5(92.4(91.2{92.5|87.6{100.0{91.6|85.3{100.0|{91.2
RMMD-II [7]|TNNLS’23(88.4|91.7(92.9/93.4{96.8|95.9(93.6|88.9/100.0{92.2|88.9/100.0|93.6
SPL [8]] AAATI’20 |87.4/89.2195.3192.798.7|93.2|192.9|88.6| 98.6 |92.0|87.0/100.0|93.0
SPL+Our - 90.0{96.8(93.9193.7(99.4|93.9|93.8(90.3/100.0({93.3|89.4| 99.4 |94.5
OGL?2P [9] TIP’25 [89.7|97.5/91.9|94.3|98.7(95.9{94.2190.2| 99.3 [94.6|89.5(100.0|94.6
OGL2?P+Our - 90.2197.8(93.2|95.3]99.2|95.7|94.6(90.5|100.0{94.2|89.3{100.0|95.0

(NC [8]] on the Office-Caltech10 dataset with SURF features (average classification results on 12
DA tasks). As can be seen from Tab. [T, IMMD and HSIC perform better than the original features
as JMMD matches the distributions of the source domain and target domain, and HSIC enhances
domain-specific discriminative structures. The proposed IMMD-HSIC could achieve the best results
no matter what classifiers or labels are, which shows the effectiveness of JIMMD-HSIC and indicates
that it is necessary to jointly consider JMMD and HSIC for a better DA capacity. Here, the symbol
‘Soft” denotes the probability soft label and the symbol ‘Hard’ is the hard (one-hot) label. Notably,
1-NN could not produce a soft label thus only ‘Hard’ is reported. It can be seen that the performance
of the ‘Soft’ label is even worse than that of the ‘Hard’ label, and it may be because the performance
heavily depends on the quality of predicted soft labels of the target domain [12}13].

We compare our proposed approach with existing state-of-the-art shallow (SPL [8]], PGCD [6],
RMMD [7]) and deep DA approaches (RSDA-MSTN [10], OGL?P [9]]) on D! and D2. As can
be seen from Tabs. [2| and [3] our proposed approach is better than the baseline methods SPL
and OGL?P on average, and has achieved 1.5%/0.4% and 0.8/0.7% improvements on the two
datasets, respectively. Besides, OGL?P+JMMD-HSIC could achieve the best average results among
all compared approaches, which has achieved 0.4% and 0.7% improvements compared with the
second-best methods, i.e., OGL?P. Generally speaking, these results can show the effectiveness and
competitiveness of our proposed JMMD-HSIC.

*https://github.com/hellowanggian/domainadaptation-capls
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Table 3: Comparison of average results of our proposed SPL+JIMMD-HSIC with state-of-the-art DA
methods on ImageCLEF-DA dataset with ResNet-50 features. C, I, P in the second row denotes
domains of Caltech-256, ImageNet ILSVRC, and Pascal VOC, respectively.

Caltech ImageNet Pascal

Source

Venue -256 ILSVRC VOC Avg.
Target I P C P C I
RMMD-I [7] TNNLS’23 | 932 | 783 | 95.7 | 79.5 | 955 | 92.0 | 89.0
RSDA-MSTN [10] | TPAMI'24 | 933 | 793 | 97.8 | 80.5 | 96.8 | 94.2 | 90.3
SPL [8] AAAT’'20 | 957 | 80.5 | 96.7 | 783 | 96.3 | 94.5 | 90.3
SPL+Our - 96.3 | 81.4 | 96.7 | 80.5 | 96.7 | 95.0 | 91.1
OGL?P [9] TIP’25 95.8 | 81.2 | 96.8 | 822 | 97.2 | 957 | 915
OGL2P+Our - 96.5 | 81.8 | 97.4 | 83.5 | 97.8 | 96.0 | 92.2
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